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Representation of Complex Number Imaginary Unit
and Supermatrix Solution to the Yang-Baxter
Equation
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The double complex number imaginary unit Jp, is treated as a special matrix
M(Jp); by considering the matrix M(e) corresponding to the hyperbolic complex
imaginary unit €, a supermatrix solution to the Yang—Baxter equation is
constructed.

1. INTRODUCTION

Using the ordinary complex imaginary unit i, one can combine a real
number pair (x, y) into an ordinary complex number; using the hyperbolic
complex imaginary unit €, a real number pair (x, y) can also be combined
into a hyperbolic complex number (Yaglom, 1968). Physically, hyperbolic
complex numbers were first applied to gravitational fields by Kunstatter et
al. (1983), and Zhong (1985) gave a hyperbolic complex Ernst equation. In
fact, Tanable (1979) used the hyperbolic complex number to construct solu-
tions to the Ernst equation even though the hyperbolic complex imaginary unit
€ did not appear. By considering the graded representation of the Temper—Lieb
algebra, Zhang (1991) constructed the solution to the Yang—Baxter equation
(YBE), and Comwell (1992) derived a two-parameter deformation of the
universal enveloping algebra of the Lie algebra si(3, ¢) from a multiparameter
solution to the YBE; recently, the hyperbolic complex solution to the YBE
was constructed from two real solutions by Wu and Zhong (1995).

In this paper, the double complex imaginary unit Jp, is treated as a special
real double 2 X 2 matrix M(Jp) and the double complex number z(Jp)
corresponds to the real double 2 X 2 matrix M([z(Jp)]; by considering the
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hyperbolic complex imaginary unit € as the 2 X 2 matrix M(e), the hyperbolic
complex solution to the YBE corresponds to the 2 X 2 real supermatrix
M(Ry) that satisfies the YBE. Furthermore, the 2 X 2 real supermatrix M(Ry)
can be generalized to the 2 X 2 complex supermatrix.

2. SUBSTITUTION OF M[(Jp)] FOR Jp
Our work starts from the following special 2 X 2 matrices:

0o 1 0 1' @1

M'=’—1 0 1 0

’ M2=)

These matrices M, and M, appear in many papers (Keller and Rodriguez-
Romo, 1991b; MacCallum, 1983; Horowitz and Biedenharn, 1984); we
combine the matrices M, and M, into the double matrix Mp,

0 1 _
Mp = (—1)° 0’, D=1,2 2.2)
where M3 = MpM;, = (—1)PE and E = diag[1, 1] is a 2 X 2 real unit matrix.
Combining the ordinary complex number imaginary unit i (iZ = —1)

and the hyperbolic complex number imaginary unit € (62 = 1, € # * 1) into
the double complex number imaginary unit Jp, one has J3 = (—1)°. By
considering the double 2 X 2 matrix M), and the double complex number
imaginary unit Jp, we have the map of J, and 1 to the 2 X 2 matrices Mp,
and E:

M. Jp > M(p) = Mp 2.3)
M 1-5>M1)=E 2.4
Then a complex number z(Jp) = x + Jpy corresponds to a real 2 X 2 matrix
Mlz(Jp)] = M(1)x + M(Jp)y (2.5)

The conjugate z*(Jp) = x — Jpy corresponds to
M(z*(Jp)] = M(1)x — M(Jp)y (2.6)

Let Iz(Jp)l = (x2 — J3y»)'? be the norm of the complex number z(Jp); then
the ‘norm’ IM[z(Jp)]l of the 2 X 2 matrix M[z(Jp)] corresponding to the
complex number z(Jp) can be defined as

IM[z(Jp)]* = M[z(Jp)IM[z*(Up)] = I12Up)’E 2.7
If there exists the inverse z~!(J,) of z(Jp), then the corresponding matrix reads
M[z7'(Jp)] = 1z2(Jp)I"*M[z*(Jp)] = M~ '[z(Jp)] (2.8)

where M~![z(Jp)] is the inverse of the matrix M[z(J))].
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For two double complex numbers z,(Jp) = x; + Jpyp and 2, = x; +
Jpys, the corresponding matrices M([z;(Jp)] and M[z:(Jp)] satisfy

Mlz1(Jp)] + Mlz(Up)] = Mlzi(Up) + 2(Jp)] (2.9
M(z,(Jp)IM[2,(Jp)] = M[z:(Jp)z2(/p)] (2.10)

From the above one can see the set of double complex numbers z(Jp) is
isomorphic to the set of double complex matrixes M(z(J/p)].
For the case D = 2, we have the following identity (Wu and Zhong 1995):

[T+ y) + @) — y
= Tx+TIyw+@Ix-Ty», i=12...,n @I
We have a similar identity
M (JT1aR”)x + y) + (€@2)x — y)1}
= M{[] [(112)(x; + y) + (€2)(xi — y)))
= M{(12)[] x + [Ty) + @[ 1x — [Ty
= (UEJ]x+ 1y + MEe(1x -1y (12

3. APPLICATION TO YANG-BAXTER EQUATION

According to Wu and Zhong (1995), let A, and B, be two real n X n
solutions to the YBE

Api2Ap3Ap2 = ApsApAps (3.1a)
B,12Bp3Bgia = Bz BoaBys 3.1b)

Then
Ry = Ry = (I/2[(A, + B)) + €(A, — B,)] 3.2)

satisfies the hyperbolic YBE
Rui2Ru23 Ruiz = RuzsRunzRus (3.3)

By using (2.3) and (2.4), one can see that the hyperbolic solution Ry
corresponds to a real 2 X 2 supermatrix
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M: Ry— MRw) = (I2)[EA, + B,) + M(eXA, — B,)]
which satisfies the YBE. Direct proof of (3.4) is as follows:
M (Re)M3(Ri)M 12(Ry)

= $[E(Ap12 + Byiz) + M(e)(Ap12 — BulE(Apes + Bys)
+ M(e)(Ap23 — Bp3)] X [E(Api2 + Bgiz) + M(€)(A,12 — By1d))
T[E(Ap12A,3 + ByaBys) + M(€)(Api24,23 — Bg12Bgs)]
X [E(Ap12 + Bgiz) + M(€)(Ap12 — By1o)l
3EAp12A,03A512 + ByiaB 3 Byia) + M(€)(Ap12Apm A,
= By12B23B,10)]
= HE@A,3Ap124,03 + Bi3BaBs) + M(€)(ApaAyna,g

— By23B,13Bp3)] = Mys(Ry)M2(Ry)Mos(Ry)

Wei

34

3.5)

From (3.5) one can find that in the supermatrix (3.4) A, and B, can be two
complex solutions. For the case in which A, and B, are two ordinary complex
solutions, M(Ry) is an ordinary complex supermatrix solution; for the case in
which A, and B, are two hyperbolic complex solutions, M(Ry) is a hyperbolic

complex supermatrix solution.

4. DISCUSSION
(a) We can generalize the double matrix M, to Mp(B),

-1
Mo® = | _Dog By =12

where B is an arbitrary real number; then (2.3) and (2.4) read
M: Jp — M(B; Jp) = Mp(B)
M 1oM1)=E
(2.5) and (2.6) read
M(B; z(Jp)] = M(1)x + M(B; Jp)y
MIB; z*(Jp)] = M(1)x — M(B; Jp)y
and (2.7)-(2.10) read
IMB; 2(Jp)I* = MIB; z(Jp)IMIB; 2*(Ip)] = 1z(Ip)’E
MIB; 7'(Up)] = 1zUp)I 7 MIB; *(Up)] = M'[B; 2(Jp)]

4.1

4.2)
4.3)

4.4
4.5)

(4.6)
4.7
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M(B; z:(Jp)] + MIB; z:(Jp)] = MIB; z2:(Jp) + 22(Jp)] (4.8)
MIB; 2i(Up)IMIB; 2(Jp)] = MIB; 21(Jp)22(Up)] 4.9)
For (2.12), we have
M ([TIA2)x + y) + (€2)x — y)]}
= M({B; [ ] [(172)(x; + y) + (&/2)(x; — y)1}
= M{(B; (112 ] x + [Tyd + @[T x — [Ty
= WE(]x + [Ty) + M@ ([ x - [Iy)]  (4.10)
(b) We can develop the supermatrix solution (3.4), M(Ry), to M(B; Ry):
M(B; Ry) = (112)[E(A, + B)) + M(B; €)(A, — B,))] 4.11)
and we can prove that M(; Ry) satisfies

Mp(B; RdMxu(B; Ru)M2(B; Ry) = Mys(B; RipM2(B; Ru)Mas(B; let)12
(4.12)
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